Parapatric speciation has recently received a lot of attention. By encompassing the 10 whole continuum between allopatric and sympatric scenarios, it includes many potential 11 scenarios for the evolution of new species. Building upon previous work, we investigate how 12 a genetic barrier to gene flow, that relies on a single postzygotic genetic incompatibility, may 13 further evolve. We consider a continent island model with three loci involved in pairwise 14 Dobzhansky-Muller incompatibilities (DMIs). Using a deterministic and analytic approach, 15 we derive the conditions for invasion of a new mutation and its consequences on an already 16 existing genetic barrier to gene flow. We focus on quantifying the impact of the epistasis 17 generated by the new mutation on the genetic barrier. We show that the accumulation 18 of genetic incompatibilities in the presence of gene flow is a complex process, where new 19 mutations can either strengthen or destroy a preexisting barrier. In particular, preexisting 20 polymorphism and incompatibilities do not always facilitate the growth of the genetic barrier 21 by accumulation of further barrier genes. Migration may disrupt the snowball effect (the 22 accelerating rate of DMI accumulation in allopatry) because incompatibilities are directly 23 tested by selection. Our results also show an ambiguous role of gene flow, which can either 24 impede or facilitate the strengthening of the genetic barrier. Overall, our results illustrate 25 how the inclusion of gene flow renders the building of a genetic barrier difficult to analyze. 26 2 Parapatric speciation has recently received a lot of attention. By encompassing the whole 27 continuum between allopatric and sympatric scenarios, it includes many potential scenarios 28 for the evolution of new species. Building upon previous work, we investigate how a genetic 29 barrier to gene flow, that relies on a single postzygotic genetic incompatibility, may further 30 evolve. We consider a continent island model with three loci involved in pairwise Dobzhansky- 31 Muller incompatibilities (DMIs). Using a deterministic and analytic approach, we derive the 32 conditions for invasion of a new mutation and its consequences on an already existing genetic 33 barrier to gene flow. We focus on quantifying the impact of the epistasis generated by the new 34 mutation on the genetic barrier. We show that the accumulation of genetic incompatibilities 35 in the presence of gene flow is a complex process, where new mutations can either strengthen 36 or destroy a preexisting barrier. In particular, preexisting polymorphism and incompatibilities 37 do not always facilitate the growth of the genetic barrier by accumulation of further barrier 38 genes. Migration may disrupt the snowball effect (the accelerating rate of DMI accumulation 39 in allopatry) because incompatibilities are directly tested by selection. Our results also show 40 an ambiguous role of gene flow, which can either impede or facilitate the strengthening of the 41 genetic barrier. Overall, our results illustrate how the inclusion of gene flow renders the building 42 of a genetic barrier difficult to analyze. 43 3 48 bridization between related (incipient) species is ubiquitous in both plants and animals (Mallet, 49 2005; Butlin et al., 2008), these long-standing questions of parapatric speciation research are 50 receiving renewed interest (Butlin et al., 2012; Bank et al., 2012; Flaxman et al., 2013 Flaxman et al., , 2014 51 Paixão et al., 2014; Seehausen et al., 2014; Barnard-Kubow et al., 2016; Kulmuni and Westram, 52 2017; Nosil et al., 2017; Yang et al., 2017). Answers to these questions strongly depend on the 53 speciation mechanism that is considered. On the one hand, there are scenarios of "adaptive 54 speciation" (Dieckmann, 2004; Weissing et al., 2011), where speciation (or the build-up of a ge-55 netic barrier) is a direct target of selection. The genetic barrier in this case is usually prezygotic 56 and can result from the evolution of assortative mating. If speciation is driven by local com-57 petition (as in the classical scenario of sympatric speciation, Dieckmann and Doebeli (1999)), 58 the probability or speed of speciation is unaffected by migration. Alternatively, if assortative 59 mating evolves as a response against mating with maladaptive immigrants, migration is driving 60 speciation in the first place (Servedio and Noor, 2003; Rettelbach et al., 2013). On the other 61 hand, other scenarios consider speciation as a non-selected by-product of neutral or adaptive 62 divergence. In particular, this is how reproductive isolation evolves in classical models of al-63 lopatric speciation (Orr, 1995; Orr and Turelli, 2001; Coyne and Orr, 2004). In contrast to the 64 scenarios of adaptive speciation, in that case, migration is a potent force to prevent the build-up 65 of a genetic barrier. Given that models of adaptive speciation require specific assumptions about 66 the selection scheme and given the ubiquitous nature of gene flow, the question arises whether 67 and when speciation as a by-product can occur in a parapatric model.
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Under what conditions can geographically separated populations that are connected by migration build up a genetic barrier to gene flow? When and how can this barrier be strengthened and eventually lead to speciation? Following the increasing awareness that gene flow and hy-Hap. abc Abc aBc abC ABc AbC aBC ABC Table 1 : Frequencies x i and fitness values w i of the different haplotypes for haploid populations. We always assume α > 0 and AB < 0.
In the following, we assume that each locus has a specific role. In particular, we assume 120 that allele A is always an island adaptation (allele A appears on the island). As a consequence, loose linkage (A-B-C),
where m C = m or m C = 0, depending on whether C appears on the continent or on the 153 island. 154 Diploid model 155 We define the fitness scheme for diploids as follows: single-locus effects (i.e. α, β, γ) are 156 purely additive. There is thus no dominance at this level. Dominance is, however, included for the strength of epistasis depends only on the number of incompatible pairs in a genotype, e.g. We investigate two cases of dominance of the epistatic interaction: recessive and codominant 161 epistasis (see table 2 ). Assuming Hardy-Weinberg equilibrium on the island, the dynamical There are multiple measures for the strength of a genetic barrier between two divergent 170 populations that are connected by gene flow. For example, the gene-flow factor (or the effective 171 migration rate) due to Barton and Bengtsson (1986) measures the reduced probability of neutral 172 alleles that are linked to barrier genes to cross this barrier and establish in the recipient popu-173 lation. Here we consider the fate of barrier genes themselves. In particular, we are interested 174 in the maximum rate of gene flow under which a barrier (with given selection parameters) can 175 be built and also in the maximum rate of gene flow under which such a barrier can persist if it 176 exists initially.
Abc

177
Specifically, we define the barrier strength m X max for a given set of barrier loci as the maximal 178 migration rate under which a set X of alleles at these loci can still be maintained on the island.
179
Here, X denotes the barrier alleles that are not present on the continent, but are maintained on 180 the island as long as migration is below the threshold (m < m X max small but non-zero recombination probability among A and C, any adaptation on the continent 212 9 will eventually also enter the island background. We then have two new alleles AC and aC replacing the old ones (Ac and ac) and the barrier strength m A max = α remains unchanged as 214 long as there is no epistasis among A and C. 215 We thus see that further adaptation at a single polymorphic locus will usually strengthen 216 the genetic barrier, rather than weaken it. In particular, this holds for any further adaptation 217 on the island. The only exception is adaptation on the continent that is also beneficial on the 218 island and cannot be combined with an existing island adaptation (i.e. the combined allele AC 219 is not possible or deleterious). A 3-locus architecture ABC with tight linkage among all three 220 loci leads to an analogous single-locus problem (after appropriate relabeling of parameters).
221
Note that the genetic barrier formed by a single locus relies exclusively on local adaptation: 222 any isolation observed is due to the impossibility of coexisting in a common environment and 223 not due to a genetic mechanism. This is different for barriers with multiple interacting loci, 224 which is our focus in the remainder of the manuscript.
225
Further adaptation at a two-locus barrier Assume now that we start with a 2-locus 226 polymorphism at two incompatible loci A and B (a 2-locus DMI) in loose linkage. The continental 227 haplotype is aB, and Ab is the fittest haplotype on the island. A new mutation appears on the 228 island at a locus C in tight linkage with A. As discussed in the previous section, this generates 229 a compound locus AC. The new mutation generates a third allele at this compound locus (e.g.
230
AC), which we will call the A' allele in the following. We denote the fitness advantage of the 231 new allele A' as α and its epistatic interaction with the B allele at the B locus as A B . This 232 leads to the dynamics of a triallellic locus (with alleles a, A and A') that interacts with a loosely 233 linked biallelic locus in the genomic background (alleles b and B):
(For tight linkage, we can assume that a fourth allele A" (e.g. A"= aC) will only originate 235 by mutation or rare recombination after one of the alleles a, A, and A' is lost. This leads again 236 to the three-allele dynamics described by Eq.
(2). Results for the four-allele dynamics are given 237 in the SI, section C 2.4) 238
The dynamical system, given in equation (2) coexist at a stable equilibrium (extending the single-locus result of Nagylaki and Lou (2001)).
241
Nevertheless, interaction of A with an unlinked locus B considerably adds to the complexity and 242 can lead to qualitatively different results. allele on the island. Fig. 1(b) shows that the A' allele can also invade if its direct effect is weaker (α < α), provided negative epistasis is also weaker ( AB < A B < 0). This requires that migration is sufficiently strong, because the marginal fitness of A' becomes larger than the 255 marginal fitness of A only for a sufficiently large frequency of B alleles.
256
Successful invasion of A' can have qualitatively different outcomes, indicated by the different 257 colors in Fig. 1 . In many cases, an invading A' allele displaces the old A allele and the system 258 settles at a new equilibrium with an a/A' polymorphism. The new equilibrium can either be a 259 two-locus polymorphism (blue areas in Fig. 1) haplotype on the island. This is the same mechanism as for the single-locus case. The genetic 268 barrier is strengthened as long as epistasis, A B , does not deviate too much from the epistasis 269 generated by the previous allele, AB (Fig. 1(a) , blue line above the black line). Indeed, if 270 epistasis is too weak, the boost provided by the increased selection against migrants is negated 271 by the weakening of selection against hybrids (since β > 0). If epistasis is too strong, on the 272 other hand, the marginal fitness of allele A' is decreased due to the increased cost of hybrids.
273
Allele A can invade such an equilibrium as soon as migration increases and A' cannot strengthen 274 the genetic barrier (see also section B 6 in SI).
275
The alternative mechanism corresponds to the reduction of selection against hybrids, Fig. 1(b the A locus is lost altogether (red and orange areas in Fig. 1) . Again, the polymorphism at the B 291 locus can either be maintained (orange area, Figure 1(b) ) or destroyed (red, Fig. 1(a) 298 once the latter has been able to invade; see also section B 3 in SI, for a more detailed discussion 299 and some proofs for specific cases). 
307
We can compare the consequences of further adaptation on the island at an existing genetic 308 barrier in the two cases discussed so far: a single polymorphic locus A and a polymorphic locus
309
A that interacts with a second polymorphic locus B. There are two notable differences:
310
• While further adaptation on the island always leads to a stronger barrier in the single-locus 311 case, this is not the case for a 2-locus barrier. Furthermore, invasion of a new allele no 312 longer even guarantees establishment of this allele. On the contrary, we see that such an 313 event can erase the existing barrier entirely.
314
• The potential to strengthen the genetic barrier does not only depend on the fitness land-315 scape, but also on the migration rate. Suppose that an allele A' exists that leads to a 316 stronger barrier than A -if it invades. Fig. 1 shows that invasion may either require 317 sufficiently weak ( Fig. 1(a) ), or sufficiently strong migration ( Fig. 1(b) ). The latter sce- 14 nario leads to the interesting observation that stronger gene flow can sometimes trigger the evolution of stronger barriers to gene flow (in Fig. 1(b) , m A b max > m Ab max,0 , the blue line 320 is above the black line. Invasion of the new mutant is only possible with relatively strong 321 migration (colored area in the figure) ). 322 We also observe a general trend to replace a polymorphism that is maintained by selection 323 against hybrids by one that is maintained due to selection against immigrants. Indeed, whereas 324 it is possible to strengthen the genetic barrier by weakening the strength of epistasis without 325 affecting the amount of local adaptation, the opposite is impossible. Any increase in the strength 326 of selection against hybrids needs to be associated to some increase in local adaptation. whereas if β > 0 most of strengthening happens if the incompatibility gets stronger. If B' is 332 much more deleterious than B on the island, the genetic barrier is strengthened regardless of 333 epistasis.
334
Extension of the genetic barrier 335 We now turn to the extension of a genetic barrier by adaptation at an interacting locus C 336 that is far away from the existing barrier loci and only loosely linked. We start with going from 337 one to two loci and then study the case when a third locus is added.
338
Extension of a single-locus genetic barrier Assume that B is the only polymorphic locus 
comparison between a new mutation in tight linkage and one in loose linkage
The x-axis shows the strength of epistasis between B and C. The y-axis shows the selective advantage of new allele C. The background color indicates the consequence of the invasion of allele C on the genetic barrier at the B locus. Gray: the genetic barrier remains unchanged; blue: the genetic barrier is strengthened; orange: the genetic barrier is weakened; red: the polymorphism at locus B is lost. In addition, on panel b), the solid black line gives the necessary condition for invasion of allele C on the island. Below this bound invasion is always impossible. The black dashed line gives the sufficient condition for invasion. Above this bound, allele C can always invade, regardless of the migration rate (provided the polymorphism at the B locus still exists). Analytical expressions for the two lines are given in SI, equation (C2).
It is instructive to see how linkage affects the parameter range where further adaptation 350 leads to a stronger barrier. For tight linkage (adaptation at the polymorphic locus itself), any 351 allele with γ > 0 will invade the island and will strengthen the barrier, see Fig. 3(a 
From equation (3), one can deduce that a necessary condition for invasion of allele C is γ > 0 364 and a sufficient one is γ > −(β + BC ). For any γ value between these two limits, invasion will 365 be possible only if migration is sufficiently small. Such a constraint does not exist for the tight 366 linkage case, as migration does not affect the fate of new allele (given B remains polymorphic).
367
So far, we have considered the interaction of a new island adaptation C with a continental we find similarities or differences to the extension from 1 to 2 loci discussed above.
377
If the continental adaptation B is deleterious on the island (β < 0), direct selection against 378 migrants (all carrying allele B) contributes to the genetic barrier, m b max , at that locus. As 379 Fig. 4(a) shows, transition from two to three loci is analogous to the step from 1 to 2 loci and 380 also the qualitative results agree (see SI section C 1.2 for details). Indeed, the presence of a first 381 island adaptation (the A allele) does not make it any easier for a second, loosely linked island 382 adaptation (the C allele) to strengthen the genetic barrier. In particular, the C allele still needs 383 to have a stronger direct effect (in magnitude) than B, γ > −β. Allele C also needs to interact 384 negatively with allele B, BC < 0. Finally, since this interaction generates some hybrid cost, 385 this cost must be compensated by some extra local adaptation (larger γ). For example, a new 386 mutation, interacting with allele B, with a direct selective advantage γ slightly larger than −β, 387 might not be able to strengthen the genetic barrier even if it fulfills the first criteria. These 388 conditions are analogous to the 1 to 2-locus barrier transition, see Fig. 3(b) , gray area above 389 the −γ β = 1 line. However, C can be weaker than the A adaptation (γ < α) and still lead to a stronger barrier, see Fig. 4(a) . We now consider a continental allele B that is beneficial also on the island, Fig. 4(b In particular, there is never a maximum for intermediate recombination rates.
441
The case of three loci is more complicated because conflicting options can exist, e.g. the 442 strongest barrier for pairs A B and A C is obtained with the different loci in tight linkage, but 443 the strongest barrier for the pair B C is generated with the two loci in loose linkage. Still, 444 numerical analysis suggests that the strongest barrier is obtained at the extreme ends of the 445 recombination scale, either for r → 0 or for r → ∞ between pairs of loci. (We were not 446 able to prove this claim, but did not find any counterexamples in numerical checks, see in SI, 447 Fig. C24,C25. ). In more detail, we find the following: First, assume that C appears on the In each panel, the x-axis corresponds to the epistasis between C and its interacting allele, B for the first row and A for the second row. The y-axis corresponds to the selective advantage of allele C on the island. The different colors indicate the linkage architecture and location a C mutation should appear to maximize m Ab max . Having all loci in tight linkage can be interpreted as the existence of a single island of divergence and 2 loci in tight linkage and a third one in loose linkage as two islands of divergence, see discussion. The case of three loci in loose linkage is not represented as it never provides the strongest barrier. Analytical expressions for the barrier strengths are given in the SI, equations C7-C14. If the initial barrier remains the strongest when C appears on the continent, it indicates that the new mutation will always weaken the barrier. If C appears on the island, the barrier is unaffected by the presence of the new mutation. small, BC strongly negative), or by strengthening selection against migrants by reducing the direct effect of the B allele (green area, BC close to 0). Fig. 5 shows that the parameter space 456 for having the strongest barrier in tight linkage is much larger than for loose linkage. However, 457 genomic regions around any locus that are effectively in tight linkage are small and randomly 458 placed loci will more likely behave as loosely linked. Therefore, optimal non-local barriers with 459 loose linkage between 2 loci may be easier to evolve than local (island type) barriers with tight 460 linkage among all loci.
461
If C appears on the continent, we observe similar results, cf. If having all loci in tight linkage does not generate the strongest barrier, then having 2 loci in 465 tight linkage and the last one in loose linkage offers the strongest genetic barrier, with C in 466 tight linkage with B, increasing both selection against migrants and hybrids (green area), or C 467 in tight linkage with A, to only strengthen selection against migrants (rare, blue area). Fixing C 468 is another possible mechanism to strengthen the genetic barrier if C generates positive epistasis 469 with A (checkered areas). In this last case, the genomic location of locus C does not matter.
470
From these results we see that having all loci in loose linkage never seems to be the strongest 471 linkage architecture in our model. Indeed, we did not find such an architecture despite of 472 extensive numerical search (although we were not able to prove this). Results can be different 473 in more complex models. After extending our model to include general 3-locus epistasis, we 474 were able to construct a case where the strongest barrier has all three loci in loose linkage (cf. 475 Fig. C23 ). However, the scenario requires a very specific type of 3-locus interaction (epistasis 476 between B and C is only expressed in the absence of A) and careful fine-tuning of the selection 477 parameters. Figure 6 : Maximal migration rate, m Ab max , in haploid and diploid models The X-axis corresponds to the epistatic interaction between allele C and its interacting allele (either A if C appears on the continent ( AC α ) or B if C appears on the island( BC α )). Both positive and negative epistasis are considered. The Y-axis represents the maximal migration rate for maintenance of the polymorphism at the A and B loci, m Ab max α . Each color corresponds to a different linkage architecture; plain lines indicate that C appears on the island, dashed lines on the continent. The black and grey lines serve as reference for a 2-locus genetic barrier between A and B for tight linkage and loose linkage, respectively. If C appears on the continent, we use −γ as its selective advantage to make comparisons with C appearing on the island more easier (the fitness differences between the continental haplotype and the best island haplotype are then identical in the absence of epistasis). Qualitatively, the strength of the genetic barrier for given selection parameters is similar for haploid and diploid populations, with the exception of codominant epistasis between pairs of tightly linked loci.
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